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Introduction

http://wuv.theregister.co.uk

Discrepancies between real systems and multi-body models:
contact (collisions, friction)

deformation (elastic, plastic, ...)

physical domain couplings

> parameter uncertainties

vYyy

» interactions with the environment
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‘ Introduction

Outline of the Talk and Literature behind

» Non-smooth Dynamics
> C.Glocker
> B.Brogliato
> Variational Integrators and Optimal Control
> J.E.Marsden
» T.Murphey, S. Leyendecker
» 0.Junge, S. Ober-Blohaum
» Variational Integrators and Optimal Control for Non-smooth Systems
» J.E.Marsden, R.C. Fetecau
> T.Murphey, D. Pekarek
» S.Ober-Blobaum, K. FlaRkamp
> S.Leyendecker, M. Koch
» Pendulum on Cart

> A Astrom, K. Furuta
> ..
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‘ Variational Formulation of Non-smooth Dynamics

Non-smooth Dynamics

Hybrid systems combine time continuous and time discrete dynamics.
In mechanical systems discrete events originate from collision or friction modeling.

HAMILTON's Principle in generalized coordinates ¢ € R™

te tp
0= [ La.q.0dt+ [Qad.0-5q
tp tp SWne

subjected to unilateral constraint

9(q) <0

G
admissible positions ¢ € G, collisions at boundary 9G. MﬁG
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‘ Variational Formulation of Non-smooth Dynamics

Variational Formulation

HAMILTON's principle for a time interval with a collision attime ¢t =t;, tp <t; <tgp

tg te
0 :5/£&+/QﬁMt
te te

t.

d -
0 = /(ﬁq—cltﬂq-f—Q)'5th+|EQ'5q+£5tii;
tp
tg d
+/ (ﬁq — aﬁq + Q) <0qdt + |L4 - 0q + &SMZE +0(t)Q - bq.
tf

Generalized coordinates ¢(t) are assumed continuous, velocities/momenta not.
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‘ Variational Formulation of Non-smooth Dynamics

Variational Formulation

Tl g0ty e
0q € TOG
B oG
Impact position is restricted to g(q(¢;)) = 0, impact time ¢; depends on q(t)
0 = dg(q(t:)) = Vg~ (dq(t:) +q(t:)dt;)
ot; =0 Vg-0q(t;) =0~ dq(t;) € TOG

PUSY
thus boundary term turns for frictionless elastic collisions (smooth Q) into

- |£q - 0qy
=g+ £4+ L)at

.
o+ ii_ fordt; =0
0=—1Lq-0q+Loti] - = i otherwise

+
ti
ti

which represents conservation of momentum in tangential directions and conservation
of energy, respectively.
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‘ Variational Integrators for Non-smooth Dynamics

Variational Integrators (VI)
1.) Approximation of the generalized coordinates per time step h = ¢4 1 — i

q(t) ~ ¢"(t) = qx + J(Qk+1 — k)

2.) and numerical integration of the action functional (same for virtual work )
tht1
L(q(),4(t),t) dt = RL(q (th11/2)s 4 (Ehgr/)s thsrya) = Lalqus qi1, h)
ty

leads to Discrete EULER-LAGRANGE equations (collision-free case)

Pk = —DiLa(qk, qrs1,h) — fq (Qk, @rs1, h)
o1 = DoLa(qr. qes1, b)) + £ (q, @rsrs h).
Notation: D1 La(qk, qx+1,h) = 52 La(dk, Grr1, h),
Do La(gs a1, h) = 50— La(ar: ar+1: h),

D3Ld(qka qk+1, h) = %Ld(%y qk+1, h)
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‘ Variational Integrators for Non-smooth Dynamics

Collision Time Step

before collision ¢y <t < Th

oG
~ q7'7 T
5QO - Do _DlLd(q07QTaTh> _fJ(qu'raTh)
0 =g(gr)
collision at time ¢ = 7h ~ q1, remember dq = dqy — GO,

dgr: 0= (DQLd(QOaQ‘mTh) + £ (q0,q-,Th)

+D1Ld(q7'7q1a(177-) )+fd_(q7'aQ17(1iT)h)) 'tg
6t7, : 0= D3Ld(q0;Q‘r77h) fd (q07QT,Th> e qo
*D3Ld(QT7qla(1 77—) )

fd (q‘raQ17 (1 - T)h) A

(1—7)h
after collision 7h <t < t; ~ p1

6q1: p1 = DoLa(qr,q1, (1 — 7)R) + ff (¢r,q1, (1 — 7))
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‘ Optimal Control of Hybrid Systems

Discrete Mechanics and Optimal Control (DMOC)

direct approach, local optimization, originally for smooth trajectories

o) = f € ato)ato), ) ar

st: qt)= @ d(t) =d

cost functional

initial conditions
terminal conditions

system dynamics
including collisions

control constraints
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‘ Optimal Control of Hybrid Systems

Discrete Mechanics and Optimal Control (DMOC)

DMOC uses the same discretization for the cost functional as for the system dynamics

tht1

CaQrs @1, Uk, Ukg1) = /C(qd(t)7q'd(t),ud(t))dt
tr

hC(q* (tesys)s 4 (trgrye), u (tgry)

leading to a nonlinear finite dimensional constrained optimization problem..

Q
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‘ Optimal Control of Hybrid Systems

Discrete Mechanics and Optimal Control (DMOC)

I N;—1

minJ& = > Y Calg), qhpy,ub,ujy, he) cost function
1=0 k=0
st:gg= ¢ initial positions
pp= —DiLa(q8,q)) — Fyy initial momenta
= qy terminal positions
pe = DaLa(q_1,qk) + Fiy_y terminal momenta

for i=0...1 and k=1...N; -1
0= DyLa(q}_y,4}) + D1La(}, q4y1) + Fi—y + F,  DEL (momentum)
0= D3Ld(q§V—1aq§V7hi)_F]:;1qN_h#
. . ) i+l il . .
—DsLa(g5™, git hitY) — By collision equations
0< 74(qh, @p1s Ups Uppq) control constraints

..solvable by numerical routines, e.g. SQP, for local extrema.
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‘ Optimal Control of Hybrid Systems

Incorporating Collisions
q

N X

collision velocity/momentum depends on variable interval length (7; = N;h;)

collision sequence is defined by its positions (not necessarily all coordinates)
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‘ Optimal Control of Hybrid Systems

.. . i—1 -1 -1
Inner Optimization e e N
ot ot

4B,PB>tB = Gc1;De1stel = Ge2, Pegstez = -+ —> qeNy Pens tel = 4B, PE

The optimization problem for a fixed sequence of I collisions is given by

input: initial state [¢p,pp| at t = tp,
terminal state [¢g,pg],
collision sequence [q.1, qc2, - - -, Gerl;
output: optimal time steps h; (equidistant per interval)
— optimal collision momenta p_, and optimal collision times ¢.;,
optimal final time ¢z,
optimal force u;(t),
trajectory ¢; (¢) (verified in simulation),
where 7 = 0... I isthe index for the time intervals of smooth motion.
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‘ Optimal Control of Hybrid Systems

Outer Optimization

The optimization of the collision sequence is an integer programming problem.
categorization into: optimal, , infeasible, unreachable.

(o]
[ | R_]
[R ] [RL] [RR_]
(L] [LR ] [ERL ] [[RR] [RIR ]
(][R ] [CERC] [TERR] [TRIL] [TRIR] [LRRL] [TRRR] [RLLL] [RCCR] [RERL] [RIRR] [RRLL] [RRLR| [RRRL] [RRRR]
example tree for two possible collisions (left/right)

Computations grow exponentially with number of collisions for exhaustive search, so
only the branches around qualified initial guesses can be evaluated.
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‘ Model Problem

Pendulum on Cart with Limiters

swing-up via one collision

q = [O‘ax]T
1. .
L = 5d"Mq-V(q)
M- mpl2 —mplsin a
sym.  mp + Mme
V. = mylgsina

- W = Féux

Omin S (67 S Omax (hard)
Tmin S X S Tmax (SOft)
Fmin S F S Fmax
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‘ Model Problem

implementation issue #1: find initial guess for DMOC

Iterate end time ¢, until cart force ' does not exceed F),.;, /max:
1. spline approximation «(¢) matching I.C. «(¢5), & () and T.C. ac(te), &(te);
2. determine z(¢) from Zsina =la+ gcosa withI.C. z(tp), 2(ts);
3. determine F'(¢) from (m,, + m.)i — myl(dsina + &% cosa) = F(t).

Fulfillment of 2 (¢.) and zmin < o < Zmax IS left for the optimization.
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‘ Model Problem

implementation issue #2: local loss of controllability

< °
ONIN®)

Cart acceleration generates no torque, when pendulum passes the horizontal (oo = k).

To overcome the local loss of controllability for initial guesses:
> pendulum angle is only prescribed inside controllable region |a — k7| > Aq,
> and system left to its free dynamics (i = 0) outside.
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‘ Model Problem

implementation issue #3: feasible collision times

Whereas actuator saturation enters the optimization as box-constraints, the minimal
collision times (and thus time steps) are interdependent and thus passed as nonlinear
inequality constraints.

To estimate the minimal feasible collision times and provide an evaluable gradient
thereof, the equations of motion with full force (F = F},,,, /max = const.) are
simplified using average values (denoted by overbar)

. F mpl . .2 F ..
i = + (dsina+a“cosa) ® ——— =2
Mmp +Me  Mp + Me My + M
. 1. . Isina gcosa .
& = 7(:csma—gcosa)z T
1 =9 . Tmin
~ Oé(t) ~ §Oét + Oéot + o ~ Tmin ~ hmin = N

with &g and o either from the initial conditions or the collision equations.
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‘ Model Problem

Results
tg
optimal trajectory in the sense of Jo= [LF(t)?dt
te
@ = Omin + 55, P =0 collision (o = ain) %7?, p=0

[0 ]
| RL | | RR_|
L || Lr || LRL | Gl RiL | RR | RRL | RRR|
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Model Problem

Results
te
optimal trajectory in the sense of Jo= [ 1F(t)*dt
tp
L=
& = Qmin + 35, P =0 collision (o = aupin) o= %7‘(, p=0
3 4 N g 200
2.5 3 150
2 0.5 4
2 100
1.5 0 2
. 1 50
os 0 -0. 0 0
0 -1 -1 -2 -50
0 1 2 3 0 1 2 3 0 1 2 3
positions «(t), 2:() momenta p,, (t), p..(¢) cart force F(t)
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‘ Concluding Remarks

> Variational formulation enables construction of Variational Integrators (VI) and
Direct Optimal Control (DMOC).

> Introduction of time steps as optimization variables allows non-smoothness of
momenta (collisions) during motion.

> Works for nonlinear systems with few degrees of freedom and few collisions.
> Finding initial guesses and limits of feasibility is as difficult as optimization itself.

Limitations

» Only local minima found (inner as well as outer optimization).
» Bounce-back is useful for energy-pumping, but there is no limit (Zeno).
> There is no other indicator for infeasible tasks, than optimization takes too long.
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Parameter Values of Example

My 1kg

Me 1kg

l 0.5m

g 10ms—2

Qmin %77

Qmax %w

Tmin —10m

Tmax 10m

Umin  —10(mp +mc)g = —200N

Umax 10(my, + me)g = +200N
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Parameter Values of Simulation

No=N; 100
TOL le — 14
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