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Introduction
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[Murphey 2013]

resulting variational integrators offer remarkable features

» by design structure preserving (symplectic)

» excellent longtime behavior
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@ Construction of Higher Order Variational Integrators for
Thermo-Viscoelasticity

Introduction
© Double Pendulum as Model Problem
@ Results

© Nonstandard Heat Transfer (Green & Naghdi Type Il)

© Summary and Outlook
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positions ¢ momenta p dependencies
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position z, y  momentum p,, p, length [(z,y)

thermacy « entropy s temperature ¥ = &
VI Integrators int. variable v g—f =0 non-equilibrium force p,
1,9 v x,y
elastic stiffness K viscosity 7 mass m
thermoelastic coupling 3 relaxation time 7 = %

heat capacity &
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Marsden [2000], Ober-Blébaum & Saake [2013]
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Kane et al. [1999]
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VI Integrators

yield Discrete Euler-Lagrange-Equations
(position-momentum form)

Py = —D1Ld(Qk,Qk+1/p codht) — FICcl
0 = DoLi(Qr,Qpri/p--->drt1) + F/‘f+1/p
0 = DpLd(qk7qk+1/p"'qu+1)+FZ+L1
P

Piit = Dpp1La(Qe Qpriyp- - die) + Fyy
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;/Ire%grhpll)incat]-li Maugin [2006], Romero [2009], Bertram & Gliige [2013]
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5 / (T — ) dt + / SW™dt = 0
to to

exemplaric expressions

mass kinetic energy T = Sm(i? + §?)
VI Integrators K
spring elastic strain energy Ye = ﬁ(l —1)?
0
: : =1
thermoelastic coupling ¢y = —3(9 — z9r)T
k
heat capacity Py = ———(9 —19,)?
29,
heat flux/source OWPe = 5da

dash-pot internal dissipation oW = F,dv
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t1 t1
5/uu¢mﬂ+/5wmw=o
to to

dependent quantities follow from free energy 1 and internal
energy U via the relations

VI Integrators

b=U—9s U=1+0s

_ % ,_0U

) ~ 0s
P = % total internal force
F, = 8_1/1 viscous internal force

v
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two concentrated masses connected by thermoviscoelastic
springs with heat conduction between them

Model Problem

Lagrangian L=T—-v

2
| .
T = ngz(xf—iryf)
i=1
2 [eS) 2 8Q’[};O
Y = Z(l"’%')?/’j R el Il
1 l l Y
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H§ TECHNISCHE UNIVERSITAT
CHEMNITZ

Thermoviscoelastic Double Pendulum

Romero [2009], Kriiger & GroB & Betsch [2010], Conde [2015]

Technische
Mechanik/Dynamik

Variational
Integrators for
Thermo-
Viscoelastic
Discrete Systems

Dominik Kern!

—-—

two concentrated masses connected by thermoviscoelastic
springs with heat conduction between them

Model Problem virtual work of heat transfer (Fourier Type) and viscosity

Qg —aq A — da
SW™ = k—=——fa; + h——dan
(65} a9

2 2 p
_ZFvJ’5”j+Z
=1 =1

Y s
- oo
J
further assumed linear viscosity (internal variable v)

o

F,=nv
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D quadratic approximation (Lagrange polynomials) using
» Gauss-Lobatto quadrature of 2.order (L2GL02)

» Gauss-Lobatto quadrature of 5.order (L2GL05)

Results

e T
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Results
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quadratic approximation (Lagrange polynomials of 2.order)
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thermal only: two heat reservoirs connected by a channel

motivation: modeling of second sound and
demonstrate conservation properties of VI

Green & Naghdi Il

9 1/€[[ )
= k(9—10, —0log— ) +=-L(ay —
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“gradient”
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thermal only: two heat reservoirs connected by a channel
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double pendulum with heat conduction
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Sl thermo-elasto-dynamics with heat conduction was enhanced
by the inclusion of viscosity and non-standard heat transfer.
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» good conservation properties

» quadrature of higher order than approximation seems
not to improve convergence

Future work is related with
» combine explicit and implicit schemes within one VI

» constraints and control actions

Financial support of the German Research Foundation
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J/K
Y1 =2 05 -
m =" 10 Ns/m
pr=pg 1 N/m
k= ko 10  J/K

K 1 W/K
KRI1 5 W/KS
Iy 300 K

double pendulum model parameters
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double pendulum initial conditions
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a1(0) 0 Ks
¥1(0) 400 K
a9 (0) 0 Ks
¥2(0) 280 K

thermal only model
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